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Orbital angular momentum (OAM) entanglement states have great potential in enhancing the information
capacity in quantum communications. To make full use of the OAM degree of freedom, the measurement
and distinction of OAM Bell states become a key step that needs to be accomplished. However, there is
still no solution to achieve complete distinction of OAM Bell states at the single-photon level. Here we
demonstrate the complete OAM Bell-state measurement without auxiliary photons by using linear optics.
Furthermore, we propose a quantum communication network via OAM Bell-state multiplexing, perform a proof-
of-principle experiment in the first- and second-order OAM subspaces for two users, and achieve average success
probabilities of obtaining information of 91.6% for User-1 and 89.1% for User-I1. In principle, our scheme allows
more users to be added by using high-order OAM Bell states. Our research extends the manipulation method
for high-dimensional quantum states and paves the way for the application of OAM multiplexing in quantum
communications.
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L. INTRODUCTION the four OAM Bell states possess the degenerate measurement
result. To make full use of OAM Bell state multiplexing, it
is a bottleneck to solve the problem of the complete OAM
Bell-state measurement at the single-photon level.

Here we propose a scheme for the first realization of the
complete OAM Bell-state measurement in every individual
subspace without auxiliary photons by using linear optics. The
key of our idea is to break the degeneracy of coincidence
measurements of four OAM Bell-states with ancillary spin
dimension. Based on the complete OAM Bell-state measure-
ment, we conceive a quantum network model of the OAM
Bell-state multiplexing. We confirm our idea with a proof-
of-principle experiment in the first- and second-order OAM
subspaces for two users.

Multiplexing is natural and essential to increase the ca-
pacity of carrying information, and for scalability in not only
classical but also quantum communications. One of the keys
to achieve the multiplexing is the need for high-dimensional
resources. In the field of quantum communication, the her-
alded single-photon multiplexing has been explored by using
various degrees of freedom of photons, such as path [1,2],
temporal [3,4], and spectral [5]. Orbital angular momentum
(OAM) [6], as a novel degree of freedom of photon, should
be an extremely important resource of quantum information,
because it can form a Hilbert space with dimension of no
upper limit in principle. Since the OAM entanglement was
first demonstrated [7], it has attracted much attention in
quantum optics [8—17]. It has been regarded as the most
promising candidate to provide access to the high-dimensional
quantum states [18,19]. So the OAM multiplexing is an effec-
tive way to increase the capacity of information in quantum
communication.

To further enhance the ability of information carried by
single-photon OAM states, one should create the OAM Bell
states for encoding; in particular, it is absolutely necessary
to achieve its complete measurement for decoding. However,

II. PREPARATION AND MEASUREMENT OF ORBITAL
ANGULAR MOMENTUM BELL STATES

As shown in Fig. 1(a), the hyperentangled photon source
is generated by pumping two 0.6-mm-thick BBO nonlinear
crystals with optic axes aligned in perpendicular planes. Un-
der the type-I phase matching, down-converted photons at
a degenerate wavelength of 810 nm in a 1.5° half-opening
angle cone are produced. Thus the spin-OAM hyperentangled

only one of the four OAM Bell states in every individual
subspace can be distinguished from others with Hong-Ou-
Mandel (HOM) interference effect [20], because other three of
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state can be generated via the spontaneous parametric down-
conversion (SPDC) process and a half wave plate (HWP) as
[7,21,22]

o) = vl ) ®wh). (1)

spin

Here |\IJ;in) = (|H)alV)p + |V)A|H)B)/\/§ is one of four

S
spin Bell states. H (V) represents horizontal (vertical)
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FIG. 1. Experimental schematic for complete measurement of OAM Bell states. (a) Hyperentangled source and the unitary operator U°
for manipulating the OAM states. The pump light is a fundamental-mode Gaussian femtosecond (fs) pulsed laser with a power of ~500 mW,
a central wavelength of 405 nm, a pulse duration of ~140 fs, a repetition rate of ~80 MHz, and a beam waist of wy ~ 1.5 mm. The beam
waist is located in the central plane of the nonlinear crystals. A paired 0.6-mm-thick type-I phase-matched 8-BaBO® (BBO) crystals with optic
axes aligned in perpendicular planes is used to generate the entangled photon-pair at a wavelength of 810 nm. A HWP in the path B is used to
convert the polarization state as |[H) <> |V). (b) Detail of the U (2) unitary operator U? and its function. U? is composed of three Dove prisms
(DPs). 6 is the relative orientation angle between DP1 and DP2. To realize the conversion of the mth-order OAM Bell state, 6 should be set

at @ = 45°/m. (c) OAM Bell-state analyzer. Photon A (or B) of an OAM Bell state {|@7)} (i =1, ...,

4) meets PSBI1 first. Photon in the state

|—m)|H) or | +m)|H) (|—m)|V) or | + m)|V)) will pass through (be reflected by) PBS1. Then the reflected and transmitted photon enter a
modified MZ interferometer, which is composed of two beam splitters (BSs) and two DPs, from different entrances. The relative orientation
angle between DPa and DPb is set to be 45° /m. After the modified MZ interferometer, photons in both states |—m)|H) and | + m)|V) (|—m)|V)
and | 4+ m)|H)) exit from the right (bottom) output port of BS2. A g plate sandwiched by two quarter-wave plates (QWPs), a HWP@22.5°,

and a PBS are used together to project the state {|y;")} (k =1, ...,

polarization, and subscript A (B) labels the photon path (pho-
ton in the path A or B is abbreviated as photon A or B below).
In the individual mth-order OAM subspace, four OAM Bell
states are written as

(W) = (|4+m)al—m)p £ |—m)al+m)p)/V2,
|D;x) = (I+m)al+m)s & |—m)al—m)5)/V/2, 2)

where |+m) represent photon states with OAMs of +mfh.
|®7) can be converted into any one of other three spin-
OAM hyperentangled states, |©%') (—|‘I’:§m> ® ¥,), 1©7)
(=1WZ,) ® [Dh)), or [OF) (=W, ) ® |®,,)) by performing
the suitable unitary operation on 6AM state of photon A, as
shown in Fig. 1(b), as follows:

(i) 197) = |OF) requires two U (2) unitary operations of
|£m)s — £ j|Em)s, which can be realized with a pair of
Dove prisms (DPs) oriented at an angle 45°/m with respect
to each other [20,23].

(i) |1O7) = |©%F) requires one U (2) unitary operation of
|+m)4 <> |—m)4, which can be realized with a DP.

(ii)) |OF) = |©Y) requires three U(2) unitary
operations of |£m)y — xj|Em)s and |+m)y < |—m)4,
simultaneously.

Any hyperentangled state |©7") (i = 1,2, 3,4) is in fact a
superposition of the basis set {|¢]")al¢}) g} (k, k' =1,...,4),
where |¢1") = |—m)|H), |¢3") = [+m)|V), |¢5") = I— )IV),
and |¢f') = [+m)|H) (see Appendix for details). When
we project the hyperentangled states into the basis set
{lo;")al@y) 8} and carry out the coincidence measurements,
@) and |©F) (|©%) and |®})) give the degenerate co-
incidence count results (see Fig. 5 in Appendix), implying
that we cannot distinguish the OAM Bell states completely.
Clearly, seeking a suitable basis set is a key issue to break the

4) into the fundamental Gauss mode, which is collected by the SMF.

degeneracy of coincidence measurement for different OAM
Bell states. We indeed find a series of U (4) unitary operations
with linear optics only (see Appendix). For the feasibility
in experiment, we select the following U(4) operation to
transform the projective basis set {|¢]")} into {[;")} as

) 1) |67) + [#5)
e N L R
ey | =Y e | = 2 e+ o | @
] o) o) — o)

Thus, we can rewrite four hyperentangled states |®7)
under the projective basis set {|y/;")al¥})) s} as

’®}ln> X +|1/I?I)A‘I/’fn)3 - |w£n>A’wén>B

RN Pl 7 N PR CL
|03) o+ Y, [vT')y = [T ¥3)s

N ZA NN PR YN 7 P )
[©F) oc + [y, [¥)s + [} [v7'),

L) L) (o)
|©2) o+ Y, [vT' )y + [W3) [¥3)s

RN PR U N0 PR G

Clearly, Eqgs. (4) show that any hyperentangled state is a
unique superposition of four among 16 possible combinations
under the basis set {|y")4|¥")p}. That is to say, when car-
rying out the local Bell-state measurement, all the OAM Bell
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FIG. 2. Experimental results of four first-order OAM Bell-state measurements. The coincidence measurement is done under the projective
basis set of {|y"=") A|1//,:',’=1) g} (k, k' =1, ...,4). The empty bars are theoretical values. The vertical axis represents the normalized coincidence

counts.

states in the mth-order OAM subspace can be distinguished
completely.

Based on the above theoretical analysis, we design an
OAM Bell-state analyzer for distinguishing completely all the
OAM Bell states, as shown in Fig. 1(c) (see Appendix for
details on evolution of the photon states). In our OAM Bell-
state analyzer, photon A (or B) of the photon pair will meet
a polarizing beam splitter (PBS1). We use a piezo-controlled
mirror (PCM1) to control the equal optical paths of the two
arms between PBS1 and BS1 (the first beam splitter). BS1
and BS2 form a modified Mach-Zehnder (MZ) interferometer,
which contains a pair of DPs (DPa and DPb) oriented at an
angle of 45°/m with each other.

We can actively control the optical path difference between
two arms of the MZ interferometer by PCM2 to ensure that
photons in the states [¢7") and |¢5") (|¢5') and |¢}')) emit from
different output ports of BS2. In fact, BS1 and BS2 form a
two-input and two-output OAM beam splitter [23] (OAM-BS
and see Appendix for its detail), which allows the photons
in the | + m) (|]—m)) state to be transmitted (reflected). The
stability of the interferometer is controlled by a servo system
(Appendix). An m/2-order g plate [24-26] sandwiched be-
tween two quarter-wave plates (QWPs) transforms the states
[V") and |@7") (or |¢5') and |¢})')) into the fundamental
Gaussian mode with polarizations of | ) and | \), as shown
in Fig. I(c). | /") o< |[H) +|V) and | \|) & |H) — |V) can be
separated with a combination of a PBS and a HWP@22.5°
(HWP: half wave plate). As shown in Fig. 1(c), photons in the
four basis states [;") exit from four output ports of PBS2 and
PBS3, respectively. A single-mode fiber (SMF) collects the
photons in the state of fundamental Gaussian mode and filters
others. We experimentally measure 16 possible coincidence
counts between the photon A and B for m = 1 (Fig. 2). The
result shows that only the four unique combinations give the
coincidence count signals for either one of the input spin-
OAM hyperentangled Bell states |©7="). Clearly, we achieve
the completely deterministic OAM Bell-state measurement.
We also use the signal-to-noise ratio (SNR) of a state as the
ratio between the sum of coincidence counts for the four
actual states and that for the other twelve states to characterize
the quality of states [21]. The measured SNRs of the four
spin-OAM hyperentangled Bell states are SNR‘@)T:l) =9.61,
SNR gy-1) = 8.98, SNR|gy-1) = 9.02, and SNR g1y = 8.07.

III. QUANTUM COMMUNICATION NETWORK
WITH ORBITAL ANGULAR MOMENTUM
BELL-STATE MULTIPLEXING

As mentioned above, the OAM-BS can separate the OAM
states in an mth-order individual subspace by setting a pair
of DPs oriented at an angle of 45°/m with each other. One
should note that OAM-BS can also separate the OAM states
into two different-order (m'th- and m’’th-order) individual
subspaces by setting a pair of DPs oriented at an angle of
w/Qlm' — m'"|) with each other [23]. This means that the
OAM-BS can be used to demultiplex the OAM Bell states
in different subspaces. Consequently, we present a conceptual
schematic of the quantum network based on OAM Bell-state
multiplexing, as shown in Fig. 3(a). A high-dimensional OAM
entanglement source is located in Building 1. One of two-
photon pairs is used to perform the projective measurement;
the detected signal (as a trigger) are delivered to every user
through the trigger channel. Another photon is used as a
carrier of information. The different-order OAM Bell states
carrying independent data streams are demultiplexed by the
OAM-BSs and then distributed to different users in Building
2. The number of users is unlimited in principle because the
OAM degree of freedom can form an infinite-dimensional
Hilbert space. Users decode their messages by performing the
projective measurement in the quantum channel by the trigger.

We present an experimental scheme and carry out the
proof-of-principle test in this quantum network with the OAM
Bell-state multiplexing, in which the first- and second-order
OAM states are utilized, as shown in Fig. 3(b). The entangled
photon pairs are generated from the SPDC process (also see
Methods for its details). Photon B in the two-photon pair
meets an OAM-BS to separate the first- and second-order
OAM states from each other. After implementing the pro-
jective measurements on photon B with our OAM Bell-state
analyzer shown in Fig. 1(c), the detected signal (as a trigger) is
sent to every user through the trigger channel. Alice (sender)
encodes two-bit messages by operating photon A with the
operator U°, and an OAM BS is also used to separate the
first- and second-order OAM states from each other. User-I
(User-1I) performs the first-order (second-order) OAM Bell-
state measurement by using our OAM Bell-state analyzer with
the trigger and finally decodes the two-bit messages, as shown
in Fig. 3(b).
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FIG. 3. Schematic of quantum communication network. (a) Conceptual diagram of quantum communication network with OAM Bell-state
multiplexing. (b) Experimental setup of the quantum communication network with OAM Bell-state multiplexing.

The measured data (Fig. 4) reveal that the message trans-
fers from Alice to different users are independent. There are
two ways of message transmission from Alice to different
users. First, every time Alice sends only one of the four
first-order OAM Bell states to only User-I, or only one of
the four second-order OAM Bell states to only User-II. The
tested result for eight different cases in Fig. 4(a) shows the
average success probabilities of 91.6% for User-I and of
89.1% for User-II. Second, Alice sends one of the four first-
order Bell states to User-I and one of the four second-order
Bell states to User-II simultaneously; the result shows that the
success probabilities are 92.8% (90.3%) for User-I (User-1I)
and verifies that there is almost no crosstalk between the users
in Fig. 4(b). The noise mainly comes from the imperfections
of optical elements, alignment, and input states. We should
emphasize that our proof-of-principle test were implemented
on a 1.2 x 2.4 m? optical table covered with a black box, so

—

[

~

the turbulence effect could be ignored. However, to make our
quantum network more practical for covering long distances,
the turbulence effect in free space and/or propagation char-
acteristics in optical fiber should be studied further. Related
research can be found in Refs. [27-31].

In our experiment, the success probability for m =1 is
91.6%, while the success probability for m =2 is 89.1%,
which is a little less than that for m = 1. One reason is that
the experimental complexity scale for m = 2 becomes a little
bigger than for m = 1. Another reason is that the brightness
of the source of the photon pair for m = 2 is weaker than for
m = 1, which makes alignment more difficult. To obtain better
experimental results, we reduce noise as much as possible.
All unnecessary light is turned off during the experiment. On
the other hand, we make our photon-pair source as strong as
possible. Although our experimental results are not perfect,
they suffice to demonstrate our theory.
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FIG. 4. Experimental results of quantum communication network with OAM Bell-state multiplexing. The horizontal axis represents states
sent by Alice and the vertical axis represents the detection probabilities of users for different OAM Bell states. (a) Every time Alice sends
only one of four OAM Bell states (|O"="), |@2=1), |@2=1), |@2=")) to only User-1, or only one of four OAM Bell states (|©7=2), |@4=2),
|©%4=2), |©7=2)) to only User-1I. Average success probabilities are 91.6% for User-I and 89.1% for User-IL (b) Alice sends |©%=") to User-1

and |©""=2) to User-1I, simultaneously.
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IV. CONCLUSION

We have demonstrated a complete OAM Bell-state mea-
surement by seeking the suitable unitary matrix performable
by using only linear optics and breaking the degeneracy of
four OAM Bell states in an ancillary polarization dimension.
We then build a quantum information network with the OAM
Bell-state multiplexing by using our OAM Bell-state analyzer.
Different-order OAM Bell states carry independent messages
sent to different users. We have carried out experiments with
first- and second-order OAM states for a proof-of-principle
test. This process is in fact multiplexing of superdense cod-
ing with a two-bit channel capacity based on the OAM
Bell states [21,32,33]. Our experiments achieve the average
success probabilities of ~90% for User-I and User-II. To
improve the performance of the entanglement source, more
users can be added conveniently by cascading more OAM BSs
and our OAM Bell-state analyzers because OAM has infinite
dimensions in principle. Additionally, the idea of OAM Bell
states multiplexing can also be applied to improve the ability
of information process in quantum protocols, such as quantum
teleportation [14,34-36] and quantum swapping [37-39]. Our
research make photonic OAM more valuable in practical
applications.
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APPENDIX

1. Search for suitable projection states

When the pump light is a fundamental Gaussian mode, the
high-dimensional spin-OAM hyperentangled state generated
via the spontaneous parametric down-conversion (SPDC) and
a half-wave plate (HWP) can be written as

OF) = Wi, ® ;).

spin

(A)

Here |\IJs+m) = (|H)alV)p + |V)A|H)B)/\/§ is one of four
spin Bell states. H (V) represents horizontal (vertical) polar-
ization. Subscript A (B) labels the photon path. | 1) is one of

four OAM Bell states described as follows:
(W) = (|4+m)al—m)p £ [—m)al+m)p)/V/2,
|DE) = (|+m)al+m)p £ |—m)al—m)p)/ /2,

where | + m) (|—my)) stands for a state of photon with an
OAM of +mh (—mh). Assume that |¢]") = |—m)|H), |¢5') =
[+m)|V), |¢5') = |—m)|V), and |¢}") = |+m)|H) are the ini-
tial basis set. Thus, the spin-OAM hyperentangled state in
mth-order subspace can be rewritten as

|©F) o +[ef"), [¢3')5 + |63) 4| 65)

+[637),[95')5 + (95, |#1)-

Similarly, the other three spin-OAM hyperentangled states,
195) = W) @ 1¥,,), 107) = ¥ ) ®|P)), and [©F) =

spin spin

(A2a)
(A2b)

(A3a)

[OF) 07 19505 0576 1630  [©5) [17s 107D 19576 05s
o | O W O 0O . | W O O
o> O O O [ O 0O O
s> | OO O O MW o5 |0 O O M
o | O O W O |0 O | O
1©F) [107s 19775 19576 1037  [©F) [197s 16705 19576 |05s
s | OO O MW O o | OO O W O
o> O O O W (¢ |0 O O m
os>, |l O O O |6 W O 0O O
oo | OO W O O [0 | 0O 0O
FIG. 5. The simulated results of coincidence measurements for
[®7), 1©7), |0%), and |OF) under the basis set {|¢;")ald}) s}
(k, k' =1, ...,4). The symbols [J (W) represent that the coincidence-

measurement possibility is zero (nonzero).

vt )y ® |®,,), can be also rewritten as

spin
|©3) o +[g7'),[95')5 + |05, |#4)

— @), |05 ) — |03)]01)5  (A3b)

|©4) o +[¢5'),[64'), + [01), |#5)
+ |¢1 >A|¢3 )3 + |¢?>A|¢T>By (A3c)

|O7) o +[¢5), |07) + [8), |95,
—|o7)ale5)s — e5) [t} (A3d)

When projecting the hyperentangled states into the basis
set {|¢)aldl )} (k, k' =1,...,4) and performing the coin-
cidence measurement between photons A and B, the results
shown in Fig. 5 will be obtained in principle. As shown in
Fig. 5, we can find that |®7) and |©%') (or |©F) and |©}))
have the same coincidence counts. In other words, with the
help of polarized entangled state (|H)4|V ) + |V )4 |H)B)/ﬁ,
the OAM Bell states still cannot be distinguished completely.

To distinguish the OAM Bell states completely, finding a
group of suitable projective basis set in the measurement is a
key step. First, we can assume them to be |¢{"), [¥3"), [¥5"),
and [v"), which are linked together with [¢7"), |¢5'), |¢5'),
and |¢}') by a unitary transformation matrix U (4)

Iwi") }¢’">
vy 5')
=U4) (Ada)
[vy) o5) |
iz |7
or
|#7) vy
|#5') o v
=U@4) (A4b)
|43 i)
|4) v
Since the determination of [¢}") (k =1, ..., 4) is followed

by U (4), we should research a suitable transformation matrix
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FIG. 6. Eight kinds of U (4) satisfying the criterion.
U (4) and Up(4) which can make any one of hyperentangled When the first one is used,
states (|@7), |©7), |©%), and |®}')) be a unique superposi-
tion of basis set {|y/")} (k = 1, ..., 4). In other words, with 00
{|¥™}, the simulation results of coincidence measurements U = L 1 -1 0
should be complete different from every OAM Bell states (this - V210 o 1 1
is the criterion). 0 0 1 -1

Since there are a lot of possible U(4), it is not easy to
find a suitable one. Reasonably, we can limit U (4) like this:
every element of U(4) can only take —1 or O or +1 and
Ux(4) = Up(4). Now the number of possible matrices is 3'°.
Our calculation with a MATLAB program shows that there
are 384 kinds of U (4) that can satisfy the criterion. Eight of
them are shown in Fig. 6.

(@) O
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e
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The corresponding projective basis set is

[v1')
|v3')
|v3)
|v#)

—U@4)

1)
[¢2')
)
%)

which is used in the main text.
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FIG. 7. Test of OAM-BS. (a) Detail on OAM-BS and its function. (b) Photo of arrangement of OAM-BS and its servo system in our
experiment. (c1), (c2) Measured patterns of transmitted and reflected light for the input state of |1), respectively. (d1), (d2) Measured patterns
of transmitted and reflected light for the input state of |2), respectively. The red curves in panels (c3) and (d3) are taken from the experimental
data along the horizontal red lines in panels (c1) and (d2), while the orange curves in panels (c3) and (d3) are taken from the experimental data
along the horizontal orange lines in panels (c2) and (d1), respectively.
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FIG. 8. Servo system in our setup. PD1 is used to stabilize the interferometer composed of two BSs, while PD2 is used to stabilize the

interferometer composed of PBS and the first BS.

2. Orbital angular momentum beam splitter and servo system

OAM beam splitter (OAM-BS) is in fact a modified MZ
interferometer composed of two mirrors, two BSs, and two
Dove prisms (DPs, oriented at an angle of 6 with respect
to each other). Figures 7(a) and 7(b) show a diagrammatic
sketch and an actual photo of the OAM-BS, respectively.
The phase different A between the two arms of the modified
MZ interferometer is adjusted by the piezo controlled mirror
(PCM). For the input state |1) (or |2)), the transmitted and
reflected light will be constructive (destructive) and destruc-
tive (constructive) interference, respectively, when setting
6 =90° and A = 0. The interference patterns are shown in
Figs. 7(cl), 7(d1), 7(c2), and 7(d2). The red and black curves
in Figs. 7(c3) and 7(d3) are the experimental data correspond-
ing to the red lines in Figs. 7(c1) and 7(d2), respectively. The
transmittance of |1) and reflectance of |2) are greater than
96%. Setting A = 7 by adjusting the PCM, the transmittance
of |2) and reflectance of |1) are also greater than 96%.

In our experiment, there are many modified MZ interfer-
ometers (as shown in Fig. 8). In each MZ interferometer, there
is an independent servo system, which is a closed loop and
composed of light source with a wavelength of 633 nm, a
piezo chip, a PCM, a photodiode (PD), and a control program
shown in Figs. 7(a) and 7(b). Due to the tiny instability
of optical elements, platform, and the disturbance of the
environment, the relative optical path difference of the two
arms of the MZ interferometer will change slightly, resulting
in a slight change in the intensity detected by PD. Then
the feedback electric signal provided by the control program
will change correspondingly. Finally, the control program will
send a corresponding voltage to PCM to compensate for this
relative optical path difference.

3. g plate

The ¢ plate plays the key role in our OAM Bell-state
analyzer. Generally, the function for a m’-order ¢ plate can

c
a
b c
iﬁ\ m
/ b' 0 |\|f1 >
PCM .
e d - ﬂ m>
f § [l f 2 o c
— | 2 g
e U 8 U i V)
PCM . Y % 2
mTEng g f\|\V3>-§$
8o
BS PBS U B A =
e
H Mirror }QWP i g-plate i HWP \: | Lens SMF ]Il

v}

FIG. 9. OAM Bell-state analyzer shown in Fig. 1(c) of the main text.
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be described as follows:

' /2-ords 1
IR)|m) Iy 4,
' /2-ord )|
L) |m) 2T Ry i — ). (A7)

Here, |R) < |H) + j|V) and |L) o |H) — j|V) represent
the right- and left-circularly polarized states, respectively. In
this work, some 1/2-order (which can convert the OAM state
| + 1) or | — 1) into the fundamental Gaussian mode state |0))
and single-order g plates (which can convert the OAM state
| +2) or | —2) into the fundamental Gaussian mode state
|0)) are used.

4. Evolution of photon states in the orbital angular
momentum Bell-state analyzer

The OAM Bell-state analyzer is shown in Fig. 9. Before
meeting a polarization beam splitter (PBS), a single photon
contains the basis states of |¢}") (k =1, ...,4). The function

J

PBS
|—m)alH)a

— |_m>c|H)c — |+m>c’|H>c’

of the PBS is [X)o|H)u —2> [x)e|H)e and [x)a|V )y —>

| — x)5|V)p. The evolution of photon states from b (¢) to b’ (¢)
is )53 = €1 — )y ¥ (W)ely)e = | = X)ely)e). Here,
|x) represents the OAM state of the photon with OAM x7,
y = H ory =V, and the phase ¢/* is controlled by the piezo-
controlled mirror. Similarly, there are |x).[y)e — €/2|x)¢ [¥)e
and |x)g|y)g = €72 x) 4|y) g, Where /% and es"*)im/2
are produced by another the PCM and a pair of Dove
prisms (DP4@45°/m and DP5@0°), and sgn(-) is the sign
function.

The relationship between two input states (b’ and ¢’) and

output states (e and f) of BS are |x)y|y)y 5 (| =x)ely)e +
x)aly)a)/~/2 and |x>% é”"’ 2 () ey)e = | = X)aly)a) /2.
Similarly,  [x)e[y)e —> (| = X)¢ly)e + %) [¥)f)/+~/2  and

BS .

)a ) = (X)gly)g — | — x)¢ly)f)/~/2.  Finally,  the
evolution of photon basis set from a to f (g) can be calculated
as

1
2 5 (mlelH). = |=m)alH)a)

— i(ef"Z|+m>e/|H>e/ — e P —m)g |H)ar)
V2 '

Bs 1
—

E[eszﬂ_m)ng)g + [Hm)p H) p) — e T2 (|=m)g | H) g — |4m) | H) p)]

1 . . - L
— Sl - eI —m)g|H) g + (€7 + e 77 /%)|4+m) s |H) f], (A8a)
PBS - Bs 1 .
| +m)alV)y —> |=m)p|V)y —> e |+m)y [V)y — ﬁef H(|=m)|V)e + [+m)alV)a)
| . .
— —eM (e —m) V) — e 4m) g |V)a)
V2
BS 1 ot i +jm /2
= S+ m)glV g+ [=m) IV )+ €T (m) Vg = [=m) V) )]
1 . . ) . .
— 5@+ T )| V) + (€ — e =m) V)], (A8b)
PBS . Bs 1
|=m)alV)e —> [+m)plV)p — €™ |—m)y|V)y — TZe-WHm)eW)g + |=m)alV)a)
| . .
— TZem 2 4m)y V) + e 72 =m) g |V)ar)
BS 1 X X —j
= 5P (mmhglV)g + [4m) V) )+ e (=m)lV g = |+m) V) 1)
1 . . . . .
— e + eI —m) |V ) + (e — e /2 4m) £V ) f], (A8c)
PBS Bs 1
| +m)olH)y —> |[+m)|H)e —> |—m)e|H)e —> ﬁu—mmme — [+m)alH)a)
1 . .
— e =m)elH). = e fm) | H )
Bs 1, +jm/2
= LM (tm)glH)g + [=m) s |H) ) = €72 (|4m) | H) g = |=m) s 1H) )]
1 . . . )
— Sl =TI m) | H) g + (7 4 e =m)|H) ] (A8d)
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Setting /" = 1 and e/ = ¢~/7/2, we can obtain that |—m),|H), — |+m)|H) z, | +m)a|V)e = |—m) s |V) s, |[—m)a|V)e —
|[—=m)g|V)g, and | +m)4|H), — |+m)g|H),. Then a m/2-order g plate sandwiched by two quarter-wave plates (QWPs) can
transform the states f (g) into f’ (¢') as

QWPI —plat QWP2
|+ m)ep) | H)gpy —— [+m)|R) S [0)|L) 10y Vs (A%)
QWPI —plat QWP2
=)o) IV )etr) —— |—m)|L) T2 |0)|R) 10)g (i1 [H ) g (- (A9b)
So we have
[=m)a|H)o + [+m)a|V)e <= [V)p +H)p <— +| )y <— 1Y), (A10a)
|_m)a|H)a - H‘m)aIV)a < |V>f’ - |H>f’ < _I \A)f’ < Wﬁ"), (AlOb)
[=m)a|V)a + [Hm)a|H)y <= |V)g +|H)g <— +| /g <— [¥3"), (A10c)
[=m)alV)a — [+m)a|[V)e <= [V)g — [H)g <— —| \)g < [¥}"). (A10d)

Here, | /) &« (|JH) 4+ |V)) and | \{) « (|JH) — |V')) which can be separated with a HWP@22.5° and a PBS. These results
demonstrate that our experimental setup plays the role of the unitary transformation matrix U (4) shown in Egs. (A5) and (A6).
So, after passing through the whole setup, we have

’@;{1) Z%(|_m>Aa|H>Aa|+m)Ba|V>Ba + |_m>Aa|V>Aa|+m>Ba|H>Ba
+ |+m>Aa|H>Aa|_m)Bu|V>Ba + |+m)Au|V>Aa|_m)Ba|H)Ba)

PBS+OAM-BS
—————> 2(l=m)as|H)ar|+m)pr|V)ps + [+m)aglV ) agl—m) pel H) g

+ |[=m)ag|H) agl+m) eIV ) g + |+m)ar|V)ar|—m)psIH)pr)

QWP+¢ plate+QWP
_—
HWP@22.5°+PBS
e D R awmaweZoN

Similarly, we have

‘ 'Zn) g +%(|1/’£1)A’w1m>3 - ’wlm>A|
0%) = +5([v3), v}y + i), |
©F) = —5([vd)lvi)s + w3,

— 21004100 (V) ap [H) gy + [H)ag [V)gg + IV )ag|H)pg + [H)ap [V)gs)

V3')p ) i) — ), ) p)- (Alla)
V3 )p + W)V — [V vi)p), (Al1b)
¢g1>3+|W?>A|w§n>3+|‘ﬁfn)/a|1//f)3) (All1d)
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