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transformation of 3D optical polarization
topologies enabled by all-dielectric metasurfaces

Pengcheng Huo,a Si Zhang,a Qingbin Fan,a Yanqing Lua,b and Ting Xu *a,b

Optical polarization topology is a spatially varying polarization structure, which usually exists around the

polarization singularity. In three-dimensional (3D) space, optical polarization topologies mainly contain

two fundamental structures, Möbius strip and twisted ribbon, depending on the parity of half-twist

number. These spectacular topologies have been widely found in the existence of electric fields from

multi-beam interference. Here, we propose and numerically demonstrate that, depending on the photo-

nic spin state of light, an ultrathin all-dielectric metasurface can achieve efficient generation and trans-

formation of two arbitrary 3D polarization topologies. The spin-controlled, tightly-focused Poincaré

beams generated by the metasurface exhibit topologically stable 3D polarization topologies around the

waist of the focal point. The preparation of such optical polarization topologies may have potential appli-

cations in compact complex beam engineering, optical signal multiplexing and optical fabrication of

microstructures with nontrivial topology.

Introduction

Polarization, as one of the most fundamental properties of
light, plays an important role in many optical applications,
such as high-resolution imaging,1,2 optical tweezers,3,4 and
multi-dimensional optical data storage.5 In recent years, with
the development of topology in nanophotonics,6–8 optical
polarization topology has attracted much attention due to its
potential for complex structured beam engineering.
Originating from the vectorial features of multi-beam inter-
ference, many interesting polarization topologies, such as
lemon, star and monstar, have been used to describe the vector-
ial patterns in the transverse plane of a paraxial optical field.9

These two-dimensional (2D) polarization topologies are
formed by a rotation arrangement of the major and minor axes
of the surrounding polarization ellipses following a closed cir-
cular path centered on a phase singular point. When the
major and minor axes of the surrounding polarization ellipses
are generally tilted out of the transverse plane, three-dimen-
sional (3D) polarization topologies on the closed circular paths
will be generated.

The spectacular 3D polarization topologies have many fun-
damental forms, mainly including Möbius strip and twisted
ribbon,10 which are determined by the parity of their half-twist
numbers. The polarization Möbius strips are 3D geometrical
structures with arbitrary odd numbers of half-twist, fascinating
for their peculiar property of being non-orientable surfaces
with only one-side and one-edge.11 When the geometrical
structures contain arbitrary even numbers of half-twist,
losing the special single-side and single-edge topological pro-
perties, they become twisted ribbons. Based on the different
twisting directions, both Möbius strips and twisted
ribbons can form left-handed or right-handed helicity
structures. Schematics of a right-handed helicity Möbius
strip with one half-twist and a left-handed helicity
twisted ribbon with two half-twists are respectively shown in
Fig. 1a and b.

So far, there are several approaches to generate 3D polariz-
ation topologies.12–16 For example, by using the non-collinear
superposition of two unfocused paraxial circularly polarized
beams of opposite handedness carrying different orbital
angular momentums (OAMs), a nonparaxial 3D polarization
topology can be generated at the beams’ intersection
plane.12,16 Yet another, by employing commercial liquid crystal
q-plate and objective lens with high numerical aperture, one
can obtain 3D polarization structures appearing around the
waist of the focal point.13 These implementations of 3D polar-
ization topologies have greatly promoted the understanding to
the basic electromagnetic theory. However, above generation
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approaches always rely on bulky optical setups with fairly large
footprints and long working distance, which are difficult to be
integrated into a compact nanophotonic platform. In order to
realize the miniaturization of the structure, a small and simple
optical system consisting of high refractive index spherical
resonators is proposed to generate polarization Möbius
strips.15 Nevertheless, how to use photonic spin states to
control and multiplex the topological transformation of gener-

ated 3D polarization structures is still a major scientific and
technological issues. These abilities could further increase the
degree of freedom to manipulate light and are highly desired
in real applications.

In this paper, we propose and numerically demonstrate the
design of a single-layer, ultrathin metasurface incorporating
subwavelength phase shift structures that is able to circumvent
above limitations and realize efficient generation and trans-

Fig. 1 Schematic diagrams of (a) a right-handed helicity Möbius strip with one half-twist and (b) a left-handed helicity twisted ribbon with two half-
twists. (c) Schematic diagram of the designed all-dielectric metasurface element. Top-left inset is the cylindrical nanopost with a given height H and
an adjustable diameter D. Bottom-right inset is the elliptical nanopost with a fixed height H and a varying long axis Dx and short axis Dy. Each ellipti-
cal nanopost has an orientation angle θ. The cylindrical and elliptical nanoposts are arranged in a square lattice on the SiO2 substrate. (d) Calculated
phase shifts φ, φx and φy and rotation angle θ of the designed metasurface for m = 1, n = −2, λ = 532 nm and f = 2250 nm.
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formation of arbitrary 3D polarization topologies. We
stress that, by switching the photonic spin state of
incident light, controlled topological transformation can be
realized between two forms of 3D polarization topologies
(Möbius strip and twisted ribbon) with arbitrary half-twist
number, which is unachievable for the conventional
approaches.

Results and discussion

A Poincaré beam,17 whose polarization in the transverse plane
(x–y plane) spans the entire surface of the Poincaré sphere,
can be obtained by coaxially superimposing a pair of circularly
polarized Gaussian beam and spiral-phase Laguerre–Gauss
(LG) beam with opposite handedness:

EðrÞ ¼ cos
δ

2

� �
GðrÞe1 þ sin

δ

2

� �
eiχLGp;lðrÞe2 ð1Þ

where e1 and e2 are unit vectors of two orthogonal circular
polarizations; δ and χ respectively are amplitude coefficients
and relative phase between two orthogonal polarization states;
G(r) is the Gaussian beam; LGp,l(r) is the LG beam with radial
index p and azimuthal index l.18 The index l regulates azi-
muthal angular momentum of the LG beam and is related to
the topological charge. When a Poincaré beam is tightly
focused, a strong longitudinal component along the beam axis
(z-direction) is generated and the paraxial approximation
breaks down. As a result, the polarization ellipses of the beam
are tilted out of the transverse plane and 3D polarization topol-
ogies, which are flattened and therefore unobservable in the
paraxial case, now become visible.

Assume the incident light upon the planar optical element

are in two orthogonal spin states Lj i ¼ 1ffiffiffi
2

p 1
i

� �
and

Rj i ¼ 1ffiffiffi
2

p 1
�i

� �
, where |L〉 and |R〉 denote left- and right-

circular polarization (LCP and RCP) in the linear polarization
basis. Based on the eqn (1), in order to independently generate
two different Poincaré beams for the incident Gaussian beam
propagating along the z-direction respectively in LCP and RCP
states, the optical element should perform the beam
transformation

LCP : Lj i ! cos
δ

2

� �
Lj i þ sin

δ

2

� �
eiχeimϕ Rj i ð2Þ

RCP : Rj i ! cos
δ

2

� �
Rj i þ sin

δ

2

� �
eiχeinϕ Lj i ð3Þ

where the first term is the spin-maintained states that has the
same handedness as the input beam, while the second one is

the spin-flipped states that has opposite handedness and the
transmitted beam has acquired an azimuthally dependent
phase factor eimφ(einφ), which indicates the beam has carried
mħ (nħ) OAM. Here m (n) is any integer and φ is the azimuthal
angle. Consequently, the optical device can be described by a
Jones matrix J which acts independently on the two orthogonal
input states and takes the form as

Since this matrix is symmetric, it can be decomposed into
the following form J = PΔP−1, where P is a real unitary matrix
whose columns are the eigenvectors of J, and Δ is a diagonal
matrix whose elements are the eigenvalues of J. By solving the
characteristic equation of the Jones matrix J, we can find its
eigenvalues and eigenvectors, and then J can be decomposed
into the following form,

JðϕÞ ¼ cos
δ

2

� �
I þ sin

δ

2

� �
eiχPðϕÞ e

i
2ðmþnÞϕ 0

0 e
i
2ðmþnÞϕ�iπ

2
4

3
5P�1ðϕÞ

ð5Þ
where I is unit matrix.

To create 3D polarization topologies efficiently, the gener-
ated Poincaré beam need to be tightly focused. Therefore, we
can add an additional polarization-independent focusing
phase φf to the planar optical element that makes the output
Poincaré beam to focus along the beam axis. As a result, the
Jones matrix J should perform the following transformation,

JðφÞe iφf ðr;φÞ ! Jðr;φÞ ð6Þ

φfðr;ϕÞ ¼
2π
λ

f �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ f 2

p� �
ð7Þ

where λ is the operation wavelength, r and φ are the radius and
azimuthal angle of each point of the device in the polar coordi-
nates, f is the focal length. According to expressions (5)–(7),
now we can derive the final form of the Jones matrix that guar-
antees the photonic spin-controlled generation of 3D polariz-
ation topologies, as

Jðr;ϕÞ ¼ cos
δ

2

� �
eiφf ðr;ϕÞI þ sin

δ

2

� �
eiχPðϕÞ

� e
i
2ðmþnÞϕþiφf ðr;ϕÞ 0

0 e
i
2ðmþnÞϕ�iπþiφf ðr;ϕÞ

" #
P�1ðϕÞ ð8Þ

The right side of this expression contains two terms, in
which the matrix structure is different. The unit matrix I of the
first term requires that the optical element should be isotropic.
Combining the exponential term, it can implement a phase
shift φf(r,φ) for incident light with arbitrary handedness. The
diagonal matrix of the second term requires that the optical
element should have birefringent response, and the diagonal

J ¼
cos

δ

2

� �
þ 1
2
sin

δ

2

� �
eiχðeimϕ þ einϕÞ i

2
sin

δ

2

� �
eiχðeimϕ � einϕÞ

i
2
sin

δ

2

� �
eiχðeimϕ � einϕÞ cos

δ

2

� �
� 1
2
sin

δ

2

� �
eiχðeimϕ þ einϕÞ

2
664

3
775 ð4Þ
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elements respectively determine the phase shifts along fast
and slow axes. The matrix P(ϕ) is a rotation matrix that deter-
mines the orientation angle of birefringent fast axis relative to
the reference coordinate. Therefore, it is imperative to find a
set of nanostructures with proper phase shifts and orientation
angles covering an entire 2π phase range.

Fig. 1c shows the schematic diagram of the proposed
planar metasurface element. As an exciting platform for flat
optics, metasurface recently have attracted a lot of attention
and made great progress in nanophotonics devices.19–36 As
shown in Fig. 1c, the designed metasurface contains two sets
of nanostructures, isotropic nanopost A and anisotropic nano-
post B, arranged periodically in a square lattice. All the nano-
structures are made of titanium dioxide (TiO2), a high-index
transparent dielectric widely used at visible frequency. The
nanopost A is a cylindrical TiO2 pillar with a fixed height H
and a varying diameter D, which can be used for controlling
polarization independent phase shift φ(r,ϕ). The nanopost B is
an elliptical TiO2 pillar with a fixed height H and a varying
long axis Dx and short axis Dy. Each of these elliptical struc-
tures is actually a wave plate, where the propagation phase
shifts φx(r,ϕ) and φy(r,ϕ) along the two axes are controlled by
varying long axis Dx and short axis Dy, and the geometric
phase are controlled by the orientation angle θ of fast axis.
Based on the arrangement of these structures, two sets of inde-
pendent phase profiles can be imparted on incident light in
LCP and RCP states.

According to the expression (8), for any value of m, n, λ and
f, we can obtain the analytical expression of the required phase
shifts and orientation angles for two sets of nanopost as
follows,

Nanopost A:

φðr;ϕÞ ¼ 2π
λ

f �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ f 2

p� �
ð9Þ

Nanopost B:

φxðr;ϕÞ ¼
1
2
ðmþ nÞϕþ 2π

λ
f �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ f 2

p� �
ð10Þ

φyðr;ϕÞ ¼
1
2
ðmþ nÞϕ� πþ 2π

λ
f �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ f 2

p� �
ð11Þ

θðr;ϕÞ ¼ 1
4
ðm� nÞϕ ð12Þ

To demonstrate the photonic spin-controlled generation
and transformation of arbitrary 3D polarization topologies
using metasurface, here we consider two polarization topolo-
gies, including a right-handed helicity Möbius strip with three
half-twists (m = 1) and a left-handed helicity twisted ribbon
with four half-twists (n = −2), respectively corresponding to
LCP and RCP incident light at λ = 532 nm. The metasurface
has a numerical aperture of 0.8 and the focal length f =
2250 nm. Based on the expressions (9)–(12), the required
phase shifts and rotation angle of the metasurface are calcu-
lated and shown in Fig. 1d.

A broad range of TiO2 nanoposts with a fixed height of
600 nm but varying diameters are calculated to find the proper
structural parameters for the cylindrical and elliptical nano-
posts. Fig. 2a–d show the transmission coefficients and phase
shifts as a function of elliptical nanorod diameters at the wave-
length of 532 nm. Each point in the spectra graphs corres-
ponds to a nanorod with specific (Dx, Dy) combination. Two
sets of eight-order cylindrical nanopost A and elliptical nano-
post B with high transmission efficiencies are chosen to form
the metasurface. These nanoposts are arranged in a square
lattice with lattice constant Px = Py = 480 nm, leading to two
phase profiles with independent response to LCP and RCP
light.

As shown in Fig. 3a, for the LCP light incident on the meta-
surface, Fig. 3b–d show the simulated intensity distributions
of three individual electric field components (Ex, Ey and Ez)
associated with phase distributions of the tightly-focused
beam at the focal plane. The numerical simulation is
implemented by using the commercial finite-difference time-
domain (FDTD) software (Lumerical Solutions). The intensity
and phase distribution of three individual electric field com-
ponents are obtained by setting a monitor at the focal plane.
Perfectly matched layer conditions are used along x, y, and z
direction. The grid size along the x, y, and z direction is 1 nm
× 1 nm × 1 nm, respectively. As plotted in Fig. 3b and c, both
Ex and Ey have an asymmetric intensity pattern and show a
vortex phase distribution, which originates from the inter-
ference between their spin-maintained states without OAM
and spin-flipped states carrying mħ OAM (m = 1). In terms of
Ez, because of the spin-to-orbital conversion under the con-
dition of tightly focusing, the spin-maintained state obtains an
additional −ħ OAM while the spin-flipped state obtains an
additional +ħ OAM.37 As a result, Ez at the focal plane shows a
composite-vortex pattern generated by the interference
between two spin states respectively carrying −ħ and 2ħ OAM
(Fig. 3d). Combing Ex, Ey and Ez, inset of Fig. 3e shows the
intensity distribution of total electric field E at the focal plane,
which has a threefold symmetry pattern. This results from the
nonparaxiality of focusing Poincaré beam and predicts the
half-twist number of polarization structure. In addition, the
efficiency of generation of optical states is estimated by
measuring the metasurface’s focusing efficiency of incident
light, which is about 18% in the simulation. This efficiency is
partly limited by the large numerical aperture (0.8) of the
designed metasurface element and can be further improved by
optimizing the structural parameters.

In principle, 3D orientation of the polarization ellipse
around the optical axis of the focal plane can be traced by
solving Berry formulas introduced in ref. 38. Here, based on
the Berry formulas and the simulated electric fields at the
focal plane, we calculate the major axis of the 3D-polarization
ellipse of the all points lying on a circle centered at the beam
axis. For LCP incident light, Fig. 3e shows the retrieved polariz-
ation topology of the tightly focused Poincaré beam generated
by metasurface, which describes a three half-twists Möbius
strip. The twisting direction of polarization Möbius strip is
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right-handed, opposite to the helicity of the input beam. In
order to enhance the visualization of the 3D orientation of the
polarization topology, one half of the major axis of the polariz-
ation ellipse is colored blue and the other half is colored
green. It can be clearly seen that an opening flip appears in
the strip where two polarization vectors parallel to each other
but with opposite directions. This indicates there is a phase
different of π in the electric field with the evolution of major
axis of the polarization ellipses following one circular path. As
a result, a point on the polarization strip edge can return to its
origin after moving through all the edge path, which is well
suited to the single-edge and single-side characters of Möbius
strip.

On the other side, when the incident light is switched from
LCP (m = 1) to RCP (n = −2), as shown in Fig. 3f, the corres-
ponding simulated intensity distributions of Ex, Ey and Ez
associated with phase distributions of the tightly-focused
beam at the focal plane for are given in Fig. 3g–i, which result
from the interference between spin-maintained and spin-
flipped states respectively with OAM of 0 and −2ħ for Ex and
Ey, and ħ and −3ħ for Ez. Inset of Fig. 3j shows intensity distri-
bution of the total electric field E at the focal plane. In contrast
to the threefold symmetry pattern for LCP light, here E has a
fourfold symmetry pattern. Based on the Berry formulas, we
calculate and retrieve the polarization topology of the tightly
focused Poincaré beam generated by metasurface for RCP
light, which describes a left-handed helicity twisted ribbon

with four half-twists (Fig. 3j). Different from the Möbius strip,
the directions of polarization vectors smoothly change along
the circular path and there is no opening flip in the twisted
ribbon. Consequently, a point on the edge can never return to
its origin by moving through all the edge path and thus the
twisted ribbon has two individual edges and sides.

Above 3D polarization topologies are reconstructed at the
focal plane z = 0 with focal radius of 150 nm. Fig. 4 gives the
reconstructed polarization topologies in the transverse planes
perpendicular to the optical axis and located at z = −λ/4 and
z = λ/4. The Möbius strips (Fig. 4a and b) and twisted ribbons
(Fig. 4c and d) still can be generated by the metasurface
respectively from LCP and RCP incident light. The only differ-
ence between these two Möbius strips (twisted ribbons) is that
their polarization vectors are in opposite directions (green and
blue edges are flipped), which is mainly resulted from the
phase difference after a propagation distance of λ/2. Except
this, their polarization topologies remain similar. In addition,
Fig. 5 shows the reconstructed optical polarization topologies
with different radii surrounding the center point of the focal
plane. It can be clearly seen that when the radius of the focal
spot ranges from 100 nm to 200 nm, all the reconstructed 3D
polarization topologies still keep the structures of Möbius
strips with three half-twists for LCP light (Fig. 5b–d) and
twisted ribbons with four half-twists for RCP light (Fig. 5f–h),
respectively. These results verify the topologically stable exist-
ence of 3D polarization topologies around the focal volume.

Fig. 2 (a) Transmission coefficient |tx|
2 and (b) phase shift Px of x-polarized light for the elliptical TiO2 nanorods. (c) The Transmission coefficient

|ty|
2 and (d) phase shift Py can be obtained by switching the x- and y-axes. Two sets of eight-order discrete structures A and B used in the metasur-

face design have been shown in the graph. The polarization conversion efficiencies of the eight fundamental structures in the set of Nanopost B are
96%(B1, B5), 95%(B2, B6), 96%(B3, B7) and 84%(B4, B8), respectively.
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Fig. 3 The schematic diagrams and simulation results for LCP (a–e) and RCP (f–j) light incident on the metasurface and forming 3D polarization topolo-
gies. The simulated electric field intensities and phase distributions of Ex, Ey, and Ez of the tightly-focused Poincaré beam at the focal plane for (b–d) LCP
and (g–i) RCP incident light. Scale bar, 400 nm. The retrieved polarization topologies at the focal plane, which describe (e) a right-handed helicity Möbius
strip with three half-twists and ( j) a left-handed helicity twisted ribbon with four half-twists. Here the topological structures are traced with the major axis
of the 3D-polarization ellipse as a function of position on a circle of 150 nm radius, shown as the dash black line in the top-left inset of intensity distribution
of E. The projections of polarization major axis onto x–y plane clearly indicate the half-twist number of the generated structures.
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Fig. 5 (a) The total electric field intensity at the focal plane for LCP incident light (m = 1). (b), (c) and (d) are the retrieved three half-twists, right-
handed helicity Möbius strip with different radii of 100 nm, 150 nm and 200 nm. (e) The total electric field intensity at the focal plane for RCP inci-
dent light (n = −2). (f ), (g) and (h) are the retrieved four half-twists, left-handed helicity twisted ribbon with different radii of 100 nm, 150 nm and
200 nm. These results show that the optical 3D polarization structures are topologically stable with different radius.

Fig. 4 For the LCP incident light, (a) and (b) show retrieved polarization Möbius strips in the transverse planes located at z = −λ/4 and z = λ/4,
respectively. For the RCP incident light, (c) and (d) show retrieved polarization twisted ribbons in the transverse planes located at z = −λ/4 and z = λ/
4, respectively.
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Conclusion

In conclusion, we have proposed and numerically demon-
strated that an ultrathin metasurface element formed by all-
dielectric subwavelength nanopost nanostructures is able to
achieve generation and transformation of two arbitrary 3D
polarization topologies based on the polarization state of
incident light. In real experiment, several approaches, such as
using single nanoparticle,16 and single molecule39 as electric
field probes, can be employed to precisely detect the electric
field distributions and visualize the transformation of arbitrary
3D polarization topologies. We envision the preparation of
such optical polarization topologies may have potential appli-
cations in 3D information storage encoded with polarization,
compact complex beam engineering and optical signal multi-
plexing. In addition, these specific pattern also can be used to
manipulate the nanoparticles composed of medium that
strongly interact with polarization of light and optically fabri-
cate the microstructures with nontrivial topology.
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