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ABSTRACT: Patterned surfaces with rationally designed nanostructures provide a flexible platform for beam shaping in both the
linear and nonlinear optical regime. The properties of reflected or diffracted output depend on the Fourier transform of the surface
profile. To obtain ideal effects, the profile should contain a desired sum of specially formed sinusoidal terms with predefined
superposition coefficients. Such a kind of surface is vividly described as a “wavy” surface in certain contexts, which has been widely
utilized for linear optical applications. However, the nonlinear counterparts are rarely demonstrated. Here, we present a design
framework of nonlinear “wavy” surfaces based on hybrid nanostructures of metal and multi-quantum-well (MQW) for generating
and steering second-harmonic beams. Giant second-order nonlinearity is available in MQWs; thus, an efficient up-conversion
process can be ensured. In this system, the harmonic output is determined by the Fourier spectrum of spatially dependent second-
order nonlinearity, which can be engineered through tailoring the shape, orientation, and arrangement of nanoelements known as
“meta-atoms”. Compared with previously proposed nonlinear metasurfaces, the wavy design can be more flexible for manipulating
orbital angular momentum (OAM) states through introducing topological defects. Besides choosing states with expected topological
charges and controlling the relative weight, the rule in conventional binary χ(2) systems that the attached OAM value increases with
the order of reflection/diffraction can be broken via suitable nanostructure design, which means that lower order is possible to have
larger absolute topological charge. This proposed framework has tremendous potential for applications in emerging areas such as
quantum nanophotonics and topological photonics.
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The exploration of artificial materials has greatly changed
the spirit of photonics and gives us the chance to become

creative designers, enabling the modulation of the properties of
light on demand. Among an enormous variety of artificial
materials, nanopatterned interfaces are an attractive type that
have aroused lively interest in the past decade.1 The
corresponding systems exhibit the unique abilities of
controlling the amplitude,2 phase,3,4 and polarization5,6 of a
photon. For linear optical applications, various functional
devices like phase-only transmissive spatial light modulator7

and electromagnetically induced absorber8 have been demon-
strated based on metasurfaces with rationally designed
nanostructures. Recently, as a further step, the potential of
nanopatterned interfaces in the field of nonlinear optics draws

considerable attention.9−13 In early studies, nonlinear inter-
actions at such interfaces always suffer from low conversion
efficiency.10,11 The exploitation of multi-quantum-wells
(MQWs) with giant second-order nonlinearity for metasurfa-
ces substantially eases the problem,14−16 which paves the way
for further development of this direction.
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Tailoring second-harmonic beams is always a crucial subject
in nonlinear photonic applications, which is able to be realized
through tuning the spatial profile of the second-order nonlinear
coefficient χ(2). Mathematically, the profile can be expressed as
a Fourier sum of exponential functions, which are related to
specified sinusoids. Theoretically, to obtain fine modulations,
only desired sinusoids should be contained. In linear optical
applications, two-dimensional interfaces with such features are
vividly described as “wavy” surfaces in certain contexts.17 The
nonlinear counterparts of this kind of surface are rarely
demonstrated, hence, we intend to explore this area. Here we
still adopt the depiction “wavy”, and that certainly does not
correspond to the actual surface shape, but the distribution of
χ(2). For quasi-two-dimensional media formed by traditional
ferroelectric dielectrics such as lithium niobate and potassium
titanyl phosphate, the commonly used approach to tuning χ(2)

is domain engineering, which merely changes the sign between
positive and negative, but not the modulus.18−20 The
modulation ability of these systems is limited to redistributing
the weight of different Fourier terms, which is inadequate for
complex tasks. In view of this situation, we present a design
framework for more flexible beam shaping based on nonlinear
metasurfaces consisting of hybrid meta-atoms of metal and
MQW. In such a system, the effective nonlinear susceptibility
is determined by the normal component of the local
field.14,15,21 Since it is influenced by the shape and orientation
of meta-atoms, we can acquire a quasi-continuous variation of
χ(2) through tailoring the geometry and arrangement of them.
This method will approach closer to ideal effects of Fourier-
spectrum engineering along with the development of nano-
fabrication technologies. As a highly valuable degree of
freedom for optical information processing,22 the orbital
angular momentum (OAM) of a photon keeps attracting
lively research interest in recent years, which has been
demonstrated to be effectively manipulated with liquid crystal
devices,23 chiral nanostructures,24,25 and photonic crystals
supporting bound states in the continuum.26 Here we utilize
the proposed wavy metasurfaces to steer OAM states through
introducing topological defects. Compared with previously
demonstrated nonlinear metasurfaces, the present ones are
more powerful in this task. The reflection/diffraction can be
flexibly controlled, and it is available to choose output OAM
states with expected topological charges and regulate the
relative weight. Moreover, if using the aforementioned
conventional ferroelectric χ(2) systems, the attached OAM
value of output states increases with the order of reflection/
diffraction.18,27 However, this rule can be broken in the present
system, and lower order makes it possible to have a larger
absolute topological charge via a suitable nanostructure design.
The detailed theories are constructed, and several one-
dimensional examples are calculated for illustration. This
potential platform could be further explored for valuable
applications in quantum nanophotonics and topological
photonics.
To clarify our design framework, the dynamics of nonlinear

interactions at nanopatterned interfaces should be analyzed
first. Three-wave mixing in nonlinear media is governed by the
Helmholtz equation, including second-order polarization
terms, which is usually reformulated as two coupled equations
for describing second-harmonic generation28
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Here, the ω and k correspond to frequency and wave vector,
respectively. Eω and E2ω are the fundamental and second-
harmonic field envelopes. The effective nonlinear coefficient is
χeff. It is a constant in traditional homogeneous nonlinear
crystals. However, if we intend to tailor the second-harmonic
beams to introduce OAM, a space-dependent χ(2) is needed.
One of the most important characters of photon-carrying

OAM is the helical phase exp(ilθ), and the parameter l is the
topological charge, which can be any integer number,
indicating that the photon possesses an OAM of lℏ.29 To
modulate OAM states, the term exp(ilθ) should be
appropriately integrated into χ(2)( ⃗r ) on demand according to
the holographic principle,18,19 and the corresponding ex-
pression is useful to be described in terms of a Fourier series as

∑χ χ⃗ =
⃗ θ· ⃗+r G e( )

m n
m n

i k r l(2)
0

,
,

( )m n

(2)

where Gm,n and
⃗ θ· ⃗+ei k r l( )m n are Fourier coefficient and basis,

respectively. If the Fourier spectrum is not able to be finely
engineered, the output is multi-order reflection or diffraction.
Many unwanted orders are contained, and the generation
efficiency of target order reduces. Through choosing a specified
wavy variation for χ(2), the exponential terms can be controlled,
thus the desired output results are acquired including certain
orders with predefined weight and OAM. In the simplest case
with χ(2)(x) = χ0·sin(2πx/Λ + θ), we have χ(2)(x) =
χ0·∑±1(m/2i)exp[im(2πx/Λ + θ)]. The output is ±1 order
with equal weight, and the corresponding topological charge is
also ±1, respectively. If it is more complex, for χ(2)(x) = (χ0/
CN)·∑n,kFn,k sin(2πx/Λn + lkθ), the expansion is
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where n and k are two finite integers, and CN is the normalized
parameter which is equal to the maximum of ∑n,kFn,ksin(2πx/
Λn + lkθ). Selecting appropriate Fn,k, Λn, and lk, it is not hard to
endow lower reflection/diffraction orders with larger OAM,
and unwanted orders are eliminated.
Such variations of χ(2) requires more complicated engineer-

ing of nanostructures. For nonlinear metasurfaces, this task can
be realized based on the present nanofabrication technologies.
The shape, orientation, and arrangement of meta-atoms are
flexibly steered through technologies such as electron beam
lithography and reactive ion etching.9−12,30 They are all crucial
influence factors of χ(2)( ⃗r ). A more complicated distribution of
the second-order susceptibility can be realized through
simultaneous controlling of these three factors. The local
modulus mostly depends on the corresponding susceptibility
tensor. According to nonlinear scattering theory,9,11,14 the
second-order nonlinear response of a meta-atom is quantified
with the Lorentz reciprocity theorem as (more details can be
found in the Methods section)
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where χmn
(2) is the nonlinear susceptibility decided by materials.

The ξ(j/k)n and ξin represent the normalized field components
on the normal direction to metasurface at the fundamental and
second-harmonic frequencies, respectively. As an example, the
case of nonlinear metasurfaces based on split ring resonators
(SRRs) shown in Figure 1a is given. The geometry parameters

are defined in the inset, including La for the length of the arms,
Lb for the length of the base, andW for the width. From Figure
1b, it can be seen that the absolute value of χ(2) varies with the
arm and base lengths La and Lb of meta-atom, and the sign of
χ(2) changes when the orientation of meta-atom is inverted.13

Based on this approach, any wavy distribution of χ(2) can be
acquired through designing the nanostructures of nonlinear
metasurfaces in theory. However, as the meta-atoms are
discretized, the variation of χ(2) is quasi-continuous. With the
development in nanofabrication technologies, the spatial
distribution density of meta-atoms could further increase,
and the modulation of χ(2) will approach closer to ideal effects.
Considering practical nonlinear metasurfaces, early studies

focus on those based on pure metallic meta-atoms.9−11 In such
systems, the quadratic nonlinearity originates from microscopic
symmetry break due to the geometry of meta-atoms. The local
plasmonic resonance can bring enhancement for the nonlinear
interactions, which makes the corresponding second-order
susceptibility not smaller than those of common nonlinear
optical crystals. The reported values are 101∼102 pm/V,11,31

which are comparable with the d33 = 27 pm/V of LiNbO3.
32

However, owing to the extremely short interaction length, that
is not large enough. Later on, all-dielectric nonlinear
metasurfaces are fabricated based on nonlinear materials
such as AlGaAs.33,34 The maximum of the corresponding χ(2)

is subject to component materials, and the value can hardly
surpass the magnitude of 102 pm/V. The increase of nonlinear
conversion efficiency is limited. Therefore, it is necessary to
further seek for materials with much larger χ(2). One of the
most promising candidates is MQW. Intersubband transitions
make MQW possess one of the largest known nonlinearities in
condensed matter systems. The structures of MQW should be
well-designed to support three electronic subbands, as is shown

in Figure 2a. When the pump frequency is close to
intersubband resonances, the second-order nonlinear suscept-
ibility of MQW can be expressed as14

χ ω
ε ω ω γ ω ω γ

=
ℏ − − − −

N
e z z z

i i
( )

( 2 )( )nnn e
(2)

3

2
0

12 23 31
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In the equation above, ω is the pump (fundamental)
frequency, and ωij is the transition frequency between states
i and j. For second-harmonic generation, ω32 is usually tuned
to be equal to ω21. The reduced Plank constant is signified by
ℏ, and ε0 is the vacuum permittivity. The parameter Ne
represents the average carrier density, while e is the electron
charge. Furthermore, ezij and γij are the dipole moment and
decay rate for the transition between i and j, respectively. Both
of them are associated with the subband structures.

According to eq 5, there are two approaches to improving
the second-order nonlinear coefficient χ(2). If the product of
dipole moments e3z12z23z31 is extremely large, χ(2) can be
greatly enhanced. This effect is especially remarkable in
asymmetric MQWs, such as InGaAs/AlInAs14,21,35 and Ge/
Si/SiGe36 semiconductor heterostructures. The reported value
of χ(2) reaches 1.2 × 106 pm/V at high frequencies beyond
mid-infrared region.35 Moreover, χ(2) can also be significantly
increased when the pump frequency ω is in resonance with the
transition frequency ω21 (ω32). In coupled TiN/Al2O3 MQWs,
besides the large dipole moment, such a peak of χ(2) is available
to be tuned to the visible/near-infrared (NIR) band owing to
the extreme depth of structural units.16 The value of χ(2) is
raised to the magnitude of 103 pm/V. It is worth mentioning
that there are two approaches for the coupling of plasmonic
nanostructures and MQWs. One approach is loading the
metallic meta-atoms upon the MQW substrate,14,16 and the
other is constructing hybrid meta-atoms of metal and
MQW.21,35 To ensure good effect of beam shaping, the
coupling between neighboring elements should be weak.37 The
real-space separation of MQW is beneficial for this condition,
hence, we choose the second strategy. The proposed meta-
atom is shown in Figure 2b. The electric field enhancement
effect of highly confined plasmonic resonances enables efficient
coupling with normal components of intersubband transitions,
which brings a strong improvement for light−matter
interaction and boosts the nonlinear processes to a greater
extent. The comparison of the second-order susceptibility for

Figure 1. (a) Sketch of nonlinear metasurfaces consisting of SRRs,
with the geometry parameters shown in the inset. (b) Value of χ(2)

varies with the shape and orientation of SRR meta-atom. Figure 2. (a) General conduction band diagram of a quantum well
structure. The three subbands are labeled with 1, 2, and 3. Transitions
between subbands are represented by double-headed red arrows, and
the transition energies and dipole moments are marked correspond-
ingly. (b) Illustration of a hybrid meta-atom consisting of gold and
MQW with SRR shape.
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the hybrid gold-MQW nanostructures and other materials
mentioned above is given in Table 1.

To illustrate the modulation effect of our proposed
nonlinear wavy metasurfaces, several one-dimensional cases
are calculated and exhibited. As is discussed above, the
simplest case is the superposition of two equally weighted
exponential terms with ±1 order. The expression is χ(2)(x) =
χeff·sin(2πx/Λ + θ) = χeff·∑±1(m/2i)exp[im(2πx/Λ + θ)], and
here Λ is the modulation periodicity of meta-atoms. In this
situation, as the whole distribution of χ(2) is in the field of real
number, the orientation of meta-atoms is either 0 or π. The
local absolute value of χ(2) related to the geometry of meta-
atoms should be determined by eqs 3 and 4. The width and
height of meta-atoms are chosen to be 80 and 30 nm,
respectively. As the most representative geometry factor,11 the
ratio La/Lb is calculated along the x axis, while the total
effective length Leff = 2La + Lb is invariant with the value 800
nm. The results are shown in Figure 3a together with the
orientation as a discretized function. The corresponding

Fourier spectrum is shown in Figure 3b. The conversion
efficiency of this process can be evaluated based on eq 1. The
χeff
(2) is set as ∼103 pm/V, and the effective thickness of the
metasurface is 100 nm. The wavelength of the pump light is
chosen to be 920 nm, and the power is 1 W. The input
polarization should be parallel to the base of SRRs,11,39 and the
polarization of the second harmonic field nearly lies in the
orthogonal direction.39,40 As the transmission-type metasurfa-
ces are proposed, and the normally incident light is supposed,
we mainly focus on the diffracted field, which is distinct from
the reflection-type systems.14,21,35 The corresponding general
conversion efficiency of second harmonic generation is
evaluated to reach the magnitude of 10−5, which verifies the
enhancement effect of MQW.
For more complex cases, we first consider χ(2)(x) = 0.668χeff·

[0.5·sin(2πx/Λ + θ) + sin(4πx/Λ + 3θ)] = 0.668χeff·∑±1{(m/
4i)exp[im(2πx/Λ + θ)] + (m/2i)exp[im(4πx/Λ + 3θ)]}. The
corresponding ratio La/Lb along the x axis is plotted in Figure
3c, and the Fourier spectrum is given in Figure 3d. In this case,
the weight of ±1 order is smaller, and the multiplying power of
OAM is not equal to that of the spatial frequency. These
characters are distinct from conventional binary χ(2) systems.
Moreover, another rule in binary systems is that the attached
OAM value increases with the diffraction order, but this can be
broken in our proposed framework through suitable design. An
available case is χ(2)(x) = 0.471χeff·[sin(2πx/Λ + θ) + sin(4πx/
Λ + 3θ) + 0.5·sin(6πx/Λ + 2θ)] = 0.471χeff·∑±1{(m/
2i)exp[im(2πx/Λ + θ)] + (m/2i)exp[im(4πx/Λ + 3θ)] +
(m/4i)exp[im(6πx/Λ + 2θ)]}. The spiral phase θ, 2θ, and 3θ
for producing OAM are attached to different phase gradients
along the x direction, decided by 2πx/Λ, 6πx/Λ, and 4πx/Λ,
respectively. A phase gradient brings a reciprocal vector, which

Table 1. Second-Order Susceptibility for the Hybrid Gold-
MQW Nanostructures and Other Materials Commonly
Used in Photonics

material χeff
(2), pm/V λω, nm ref

hybrid gold-MQW nanostructures >103 920 16
plasmonic nanostructures 101∼102 1100∼1500 11, 31
AlGaAs 100 1554 33, 34
LiNbO3 27 (d33) 1064 32, 38
KTiOPO4 10.7 (d33) 1064 38
β-BaB2O4 2.3 (d22) 1064 38

Figure 3. Ratio La/Lb along the x axis for (a) χ
(2)(x) = χeff·sin(2πx/Λ + θ) = χeff·∑±1(m/2i)exp[im(2πx/Λ + θ)] and (c) χ(2)(x) = 0.668χeff·[0.5·

sin(2πx/Λ + θ) + sin(4πx/Λ + 3θ)] = 0.668χeff·∑±1{(m/4i)exp[im(2πx/Λ + θ)] + (m/2i)exp[im(4πx/Λ + 3θ)]}, and the correspond Fourier
spectrum (b) and (d), respectively.
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determines the diffraction direction denoted by the corre-
sponding diffraction order. Therefore, it could be seen that the
OAM states with topological charge ±3 are assigned to ±2
order, corresponding to the terms with 4πx/Λ, while those
possessing OAM of ±2ℏ are deflected into ±3 order arising
from the terms with 6πx/Λ. A schematic of the diffraction at
the metasurface for this case is shown in Figure 4a. The
corresponding La/Lb along the x axis and Fourier spectrum are
shown in Figure 4b and c, respectively. In binary systems,
though the multiple periodic modulation of χ(2) can change the
conventional situation, the diffraction output is multi-ordered
whose effects are far from ideal.
Precise local tailoring of χ(2) based on nonlinear wavy

metasurfaces can facilitate second harmonic beam shaping that
is not available with conventional materials, which paves the
way for various new possibilities in photonic applications.
Besides the one-dimensional cases discussed above, the system
is possible to be directly extended to modulate two-
dimensional OAM arrays. Furthermore, the wavy metasurfaces
could also be designed for realizing quasi-periodic and
compound periodic distribution of χ(2), which is available for
finer and more complex manipulation of the spatial degree of
freedom to demonstrate fantastic phenomena like fractal and
super-diffraction.41,42 Another potential exploration direction is
tailoring the special spatial modes of a photon such as the
Hermite-Laguerre-Gaussian mode,43 the value of the proposed

framework in optical information applications can be further
exploited.
In conclusion, we develop a design framework of nonlinear

wavy metasurfaces for generating and steering second-
harmonic beams. The metasurfaces consist of hybrid meta-
atoms of metal and MQW. The MQWs possess giant second-
order nonlinearity, which ease the plight of low conversion
efficiency faced by the metasurface based on pure metallic
meta-atoms. Through introducing topological defects into the
spatial distribution of χ(2), OAM states can be obtained for the
diffraction output. Choosing appropriate sinusoids with
predefined coefficients for superposition, the corresponding
Fourier spectrum is able to be engineered as desired, which is
rarely demonstrated in previously proposed nonlinear meta-
surfaces. A series of distinct characters emerge comparing to
conventional binary χ(2) systems. Several one-dimensional
cases are calculated to show the detailed effects. Such a
platform sheds new light on future applications of quantum
nanophotonics and topological photonics.

■ METHODS

Second-Order Nonlinear Response of Metasurface.
According to the Lorentz reciprocity theorem with the
assumption that saturation effects are neglected, the product
of current density J at one position and electric field E at
another position is unchanged when these two positions are
switched, which is expressed as

Figure 4. (a) Schematic of the diffraction at the metasurface with χ(2)(x) = 0.471χeff·[sin(2πx/Λ + θ) + sin(4πx/Λ + 3θ) + 0.5·sin(6πx/Λ + 2θ)] =
0.471χeff·∑±1{(m/2i)exp[im(2πx/Λ + θ)] + (m/2i)exp[im(4πx/Λ + 3θ)] + (m/4i)exp[im(6πx/Λ + 2θ)]}. The reciprocal vector and topological
charge for each diffraction order are marked in the brackets. The corresponding La/Lb along the x axis and Fourier spectrum are shown in (b) and
(c). It can be seen that the OAM states with topological charge ±3 are assigned to ±2 order corresponding to the terms with 4πx/Λ, while those
possessing OAM of ±2ℏ are deflected into ±3 order arising from the terms with 6πx/Λ. This breaks the conventional sense in binary χ(2) systems
that the attached OAM value increases with the diffraction order.
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∫ ∫· = ·J E V J E Vd d
V V1 2 2 1 (6)

In our situation, the equivalent current density at second
harmonic frequency excited by the induced fundamental field
En(ω) can be given as

ω ω ω ωε χ ω⃗ = ⃗ = ⃗J r i P r i E r(2 ; ) 2 (2 ; ) 2 ( ; )n0
(2) 2

(7)

Using the reciprocity relation and assuming a current dipole J′
placing at the observation position, the radiated second
harmonic field is derived to be

Ä
Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ∫ωχ ω ω∝E i E E V(2 ) ( ) dn nSH

(2) 2
(8)

After normalizing by the incident fields, this formula can be
generalized to arbitrary polarization of induced fundamental
and second harmonic modes, thus, eq 4 is obtained.
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