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The nonmaximally entangled state is a special kind of entangled state, which has important

applications in quantum information processing. It has been generated in quantum circuits based

on bulk optical elements. However, corresponding schemes in integrated quantum circuits have

been rarely considered. In this Letter, we propose an effective solution for this problem. An

electro-optically tunable nonmaximally mode-entangled photon state is generated in an on-chip

domain-engineered lithium niobate (LN) waveguide. Spontaneous parametric down-conversion

and electro-optic interaction are effectively combined through suitable domain design to transform

the entangled state into our desired formation. Moreover, this is a flexible approach to

entanglement architectures. Other kinds of reconfigurable entanglements are also achievable

through this method. LN provides a very promising platform for future quantum circuit integration.
VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4874838]

Entangled photon pairs are a crucial physical resource

for quantum information science. Previously, the optical

paths to generate and manipulate entangled photons have of-

ten been established through bulk optical elements.1,2 Thus,

the performances of the photonic quantum circuits are inevi-

tably affected during practical applications. For stable and

high-quality quantum information processing, large-scale

integrated quantum circuits are necessary.3 Owing to devel-

opments in optical waveguide technologies, several circuits

have been designed to realize the fundamental functions of

quantum optics.4–6

The nonmaximally entangled photon state (NEPS) is a

special kind of entangled state that can be expressed as

ðjAi1jBi26ejBi1jAi2Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þjej2

q
or ðjAi1jAi2 6ejBi1jBi2Þ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þjej2
q

, where e is not equal to 1.7 A and B could be varia-

bles such as polarization or frequency. The NEPS has

important applications in remote state preparation8 and entan-

glement concentration,9 and it has been shown to be a better

choice for multiple linear optical teleportation.10 This state

has been generated in bulk quantum circuits.7 It would be

very desired if the NEPS function also could be realized in

integrated systems. However, there are no known schemes

that can realize the corresponding function in silicon-based

integrated systems, which have been adequately investigated

in recent years.11 The reason may be that silicon is not an

effective v(2) nonlinear optical material, which limits its capa-

bility to control and modulate the generation process of

entangled photons. However, generating the NEPS requires a

flexible ability to modify the initial photon pairs provided by

the spontaneous parametric down-conversion (SPDC) process.

As a solution to this problem, in this Letter, we propose

a scheme to generate electro-optically tunable nonmaximally

mode-entangled photon pairs in an integrated system based

on a lithium niobate (LN) waveguide with suitably designed

domain-engineered structures. LN is a multifunctional mate-

rial, in which SPDC12 and electro-optic (EO) effect13 could

happen simultaneously. Initial photon pairs are generated

through SPDC; and EO, which could be regarded as a two-

photon interaction process, is utilized to modulate the quan-

tum states of certain photons in the initial pairs to transform

the entangled state into a desired form.14 Also, it is conven-

ient to build waveguides in LN through the Ti-diffused

approach, which offer well-defined discrete spatial modes.15

Based on these considerations, mode-entangled photon pairs

could be generated and manipulated via proper domain engi-

neering to combine SPDC and EO processes flexibly.

Compared with the widely investigated polarization-

entangled photon pair, this kind of entangled pair shows a

higher brightness and generation rate.16,17

We design the nonmaximally mode-entangled pair

source based on a domain-engineered z-cut, x-propagating

LN waveguide. The sketch of the device is shown in Fig. 1.

To design the spatial mode entanglement, we carefully uti-

lize the polarization characteristics of LN. The device con-

sists of two different regions. Region I has a single domain

period. This region is used to modulate the ratio of o-polar-

ized to e-polarized photons in the pump light. As we dis-

cuss below, the e-polarized and o-polarized photons are

used to generate the two respective eigenvectors of the

entangled state. For a fixed pump wavelength, if the mis-

match of the propagation constants bo and be is well com-

pensated through the periodically poled structure, the

optical powers of o-polarized and e-polarized light could

interchange effectively through applying a voltage to excite

the EO interaction.13 As the EO coupling coefficient is
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linear with respect to the applied voltage, the ratio of field

amplitudes of the e-polarized and o-polarized light on the

output port of region I could be correspondingly modulated.

Thus, the parameter e of the entangled state is determined

by the voltage applied to region I. Region II of the

waveguide is poled with dual-periods. The basic modula-

tion function is expressed as f(x)¼ sign[cos(2px/K1)]

� sign[cos(2px/K2)]. The x-direction corresponds to the

propagation direction, while K1 and K2 represent the two

periods. In this region, the photons undergo three interac-

tion processes to form the nonmaximal spatial mode entan-

glement, including two SPDC processes and an EO

interaction. Limited by the polarization-dependent charac-

ter of the nonlinear coefficient, we utilize the SPDC proc-

esses based on the d31 component. They are 1p, e ! 1s, o

þ 0i, o, 1p, o! 0s, eþ 1i, o, where p, s, and i represent the

pump, signal, and idler photons, respectively, while o(e)

denotes the polarization state and 0(1) corresponds to the

order of the waveguide mode. To prevent the generated

photons from being distinguished through polarization

states, an EO interaction process is added, namely, 0s,

e! 0s, o. Finally, the output photon pair is in (1s, o, 0i, o) or

(0s, o, 1i, o). As the ratio of the e- and o-polarized 1st-order

pump modes could be controlled in region I, the amplitudes

of the two eigenvectors are easy to modulate. Through an

appropriate choice of K1 and K2, the phase mismatches of

these processes could be compensated simultaneously by

the equivalent reciprocal vector; thus, the entangled pho-

tons could be generated effectively.

The phase mismatches of the three processes mentioned

above are written as

Db1 ¼ bp;e;1 � bs;o;1 � bi;o;0;

Db2 ¼ bp;o;1 � bs;e;0 � bi;o;1;

Db3 ¼ bs;o;0 � bs;e;0:

(1)

In the equations, bj,r,m (j¼ p, s, i; r¼ o, e; and m¼ 0, 1)

refers to the propagation constant of the corresponding

waveguide mode, which is obtained based on Ref. 15. Db1

and Db2 correspond to two SPDC processes, while Db3 cor-

responds to the EO interaction. The inverted domains of the

PPLN make the signs of the nonlinear coefficient d and the

EO coefficient c change periodically. The corresponding

expressions for these coefficients are d(x)¼ d31f(x) and

c(x)¼ c51f(x). The effective component of d and c in our

situation are d31 and c51, respectively. Through Fourier trans-

formation, they could be expressed as

dðxÞ ¼ d31

X
m;n

Gm;neiKm;nx

cðxÞ ¼ c51

X
m;n

Gm;neiKm;nx (2)

with

Gm;n ¼
4

mnp2
sin

mp
2

� �
sin

np
2

� �

Km;n ¼
2mp
K1

þ 2np
K2

;

where Km,n is the reciprocal vector for compensating the

phase mismatch, with a corresponding Fourier coefficient of

Gm,n. K1 and K2 represent the two modulation periods.

Through detailed calculations, we find an appropriate

set of solutions. The width and depth of the waveguide core

are both set to 10 lm, and the maximum of the index differ-

ence is assumed to be 0.03. The pump, signal, and idler

wavelengths are chosen to be 0.6050 lm, 1.0169 lm, and

1.4936 lm, respectively. The operation temperature is 25 �C.

The corresponding values for the (m, n) series of Km,n are

{(m1, n1)¼ (1, �3), (m2, n2)¼ (3, 1), and (m3, n3)¼ (1, 1)}.

Thus, we have K1¼ 19.60 lm and K2¼ 38.96 lm, while the

period Kp of region I is 7.79 lm. The duty cycles of all these

periods are equal to 0.5, as is shown in Fig. 1. It is worth

noticing that the ratio K2/K1 is equal to 2, which creates a

special situation. For region II, if we neglect the first and the

last domains, the remaining portions have only one poled pe-

riod. However, due to these two defects, the overall transla-

tional symmetry has been changed, and a new set of

reciprocal vectors are introduced into the system. As the

structural complexity is reduced, this design is better suited

to practical realization. Moreover, the phase-matching condi-

tions could be adjusted by the pump wavelength and the sig-

nal wavelength, which are shown in Fig. 2. The quantity

D(k) shown in the figures is defined as follows: we make

K1,�3 and K3,1 equal to Db1 and Db2, respectively; then val-

ues for K1 and K2 can be obtained. Thus, we have

D(k)¼Db3(k) � K1,1. When D(k)¼ 0, Db1, Db2, and Db3

can be compensated simultaneously.

FIG. 1. Sketch of a tunable nonmaximally mode-entangled source. The blue

sections represent positive domains, while the purple sections represent neg-

ative domains. Region I has a single modulation period Kp. Region II is

poled with dual periods, namely, K1 and K2. The modulation function is

expressed as f(x)¼ sign[cos(2px/K1)]� sign[cos(2px/K2)].

FIG. 2. Contour plot representation of the phase mismatch, i.e., D(k). When

D(k)¼ 0, three phase-matching conditions can be satisfied simultaneously.

The values of D(k) change with the signal wavelength and the pump wave-

length. The purple dotted line corresponds to D(k)¼ 0. From the D(k)¼ 0

line, suitable phase-matching conditions can be chosen.
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 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:

180.109.100.221 On: Thu, 01 May 2014 14:25:15



To obtain a quantum-mechanical description, we derive

the state vector of the entangled photons through the effective

Hamiltonian. In this derivation, the pump field is treated as an

undepleted classical wave, while the signal and idler fields are

quantized and represented by field operators. Based on the

rotating wave approximation, we obtain HSPDC as (3)

HSPDC ¼ �
�hd31Ep1

2

ð ð
dxsdxi½C110F110a

†

s1a
†

i0e�iðxp�xs�xiÞt

þnC101F101a
†

s0a
†

i1e�iðxp�xs�xiÞt þ H:C:�
(3)

In this equation, n is the ratio of field amplitudes of the o-

polarized light to e-polarized light. Also, C110 ¼ G1;�3h

ðLDb110Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xsxi=n2

s1n2
i0Ns1Ni0

q
and C101 ¼G3;1hðLDb101Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xsxi=n2
s0n2

i1Ns0Ni1

q
, where Db110¼Db1 � K1,�3 and

Db101¼Db2 � K3,1. Ns1, Ni0, Ns0, and Ni1 are normalization

parameters of the corresponding modes, while ns1, ni0, ns0,

and ni1 are the refractive indices. Ep1 is determined by the

pump field. The values hðLDb110Þ and hðLDb101Þ are from

the function of the form hðxÞ ¼ expð�ix=2Þsincðx=2Þ. F110

and F101 are the overlap integrals of the corresponding nor-

malized transverse mode profiles, which are defined as

F110¼
Ð

dydzWp1(e)Ws1Wi0 and F101¼
Ð

dydzWp1(o)Ws0Wi1.

Here, Wð~rÞ refers to the mode profile. Starting from a vac-

uum input, the biphoton state is derived as

jui ¼ � i

�h

ð1
�1

dtHSPDCðtÞj0i

¼
ð

d�½C110j1s; 0ii þ nC101j0s; 1ii�; (4)

where C110¼ (id31Ep1/2)C110F110 and C101¼ (id31Ep1/2)

C101F101. Also, due to the temporal integration, we haveÐ
exp[�i(xp � xs � xi)t]¼ d(xp � xs � xi). Thus, the fre-

quency integration based on xi could be eliminated.

Moreover, we set xs¼Xs þ �. Here, Xs corresponds to the

perfect phase-matching frequency, and � is the natural

bandwidth.

If we set the length of region II to 5 cm, the natural

bandwidths of the two SPDC processes are calculated to be

0.20 nm and 0.19 nm, respectively. The bandwidths are so

narrow that we could consider the case of a perfectly phase-

matched output entangled state instead of that expressed by

Eq. (4) to investigate the properties of the entangled source.

Moreover, to ensure the validity of the process 0s, e! 0s, o,

we perform relevant calculations based on the coupled wave

equations for the EO effect13 and SPDC.18 The average

pump power is set to 10 W, while the length of region II is

also set to 5 cm. When the applied field is 1.5� 105 V/m, for

n¼ 0.1, 1, and 10, the ratio Pso/(PseþPso), representing the

transformation efficiency, is equal to 0.9920, 0.9928, and

0.9932. That means that the photon could be effectively

transformed into an o-polarized state. Based on the analyses

above, the entangled state generated by our source could be

finally simplified to

jui ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p j1s; 0ii þ ej0s; 1iið Þ; (5)

where we have e¼ nC101/C110. Through the correlations

between n and the applied field E, e could be directly modu-

lated by E. The values of e are plotted as a function of E in

Fig. 3 for different lengths of region I. From the figure, we

find that e decreases with increasing E. That effect is caused

by the increasing of the EO coupling coefficient, which

drives more light into the e-polarized state. Furthermore,

the entanglement degree of the source is determined by the

value of e; this relationship could be expressed by the

concurrence19

CðuÞ ¼ hujry � ryjui ¼
2e

1þ e2
: (6)

This means that we could conveniently control the

entanglement degree of the source through modulation of E.

That effect is illustrated in Fig. 4. For an arbitrary region

length, the concurrence C of the entangled source could be

changed between 0 and 1 by appropriate choice of E.

Additionally, the fast response character of the EO process13

presents this kind of entangled state plenty of potential uses

in practical applications.

In fact, our proposal for preparing the nonmaximally

mode-entangled photon state is just a simple example of

generating and manipulating of entangled states. The

domain-engineered LN waveguide provides a very promis-

ing platform for this task through cascaded or coupled pho-

ton interaction processes.20,21 Based on SPDC, we could

obtain initial entangled pairs, and the EO effect could be

used to modulate certain photons in the pairs. In theory, we

FIG. 3. The ratio e of two eigenvectors in the nonmaximally entangled state

could be easily modulated by the field E applied to region I. The blue solid

line corresponds to the case where the length L of region I is 0.5 cm; while

the green dashed-dotted line and the red dashed line correspond to L¼ 1 cm

and L¼ 1.5 cm, respectively.

FIG. 4. The concurrence C(w), which represents the entanglement degree of

the source, can be conveniently modulated between 0 and 1 (the total range

of C) by changing the field E applied to region I and the length L of region I.
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could produce entangled states of any formation through this

approach. Another possible example is the mixed state entan-

glement.22 We could realize it through introducing temporal

decoherence23 into nonmaximal entanglement with EO mod-

ulation. Besides the uniform domain periods we described

above, the domain structure of LN could be elaborately pre-

pared in more flexible patterns, for instance, quasi-periodic

structures. These structures could provide more reciprocal

vectors to compensate the multi-process phase mismatch

with high efficiency.24

In summary, we propose the generation of the nonmaxi-

mally mode-entangled photon state in an integrated circuit.

The system is designed based on a domain-engineered LN

waveguide. This scheme supplies the functions of integrated

quantum systems and advances one step toward future prac-

tical large-scale quantum integrated circuits. Further, the

entangled source could be modulated quickly and effectively

through EO interaction, which makes it valuable for practical

applications.
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